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Executive Summary

Optimal design of experiments (DOE) promises to
allocate a fixed number of test runs so that some statistical
property of the data is optimized. In the case of D-optimal
designs, the optimal design should, in some sense, minimize
the standard errors of the parameter estimates of the chosen
statistical model, which should lead to better inference of
those parameters’ value and, thus, the contribution of the
associated factors to the response variable. Analysts at IDA
and in the operation test community generate D-optimal
DOE:s that are optimal when using a response variable drawn
from a continuum (more specifically, a Normal distribution).
These designs may not be optimal under other conditions.
Specifically, this presentation investigates how one should
generate DOEs when the response variable consists of a
binary response, either success or failure, and hence implies
using logistic regression for analysis, a particular case of a
larger class of statistical models known as generalized linear
models (GLMs).

IDA studied optimal DOE for GLMs and developed an
R shiny app that generates D-optimal DOEs for logistic
regression as part of a Summer Associate project. IDA
conducted simulation studies comparing the statistical

power of hypothesis tests for model utility when one uses the
D-optimal DOE for the logistic regression model versus the
standard practice of using the D-optimal DOE for a Normal
response, which is not optimal for logistic regression
models.

Despite the fact that the DOE accounting for logistic
regression is theoretically optimal—and thus superior—to
the design for the wrong model, the D-optimal design had
markedly worse power in the sample sizes that planners
would expect to use in operational test events relative to the
improperly specified DOEs currently used. Some
conjectures to explain this phenomenon are presented but,
given the surprising nature of this result, more research is
needed to explain it.

Presently, we do not recommend any changes to how
people construct DOEs. However, we may adopt different
recommendations based on follow-on research.
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Central Question: How should an operational test event be planned when the response
of interest is a success or failure?
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Central Question: How should an operational test event be planned when the
response of interest is a success or failure?

o) |

DOT&E to
inform

Draw SECDEF
Conclusions and

and Report Congress

Operational
Test Event

Program Planning

of Record \
Key Findings:

* Results show the new design is better theoretically, but practically the current design outperforms the new
design

» Relatively low performance of both designs, more research may be required

* More types of responses can be considered based on the framework built

Binary Response

Acronym: DOT&E — Director, Operational Test and Evaluation



Design of experiment for torpedo hit probabilities

A design of experiment (DOE) is the planning of experiment with the statistical analysis in
mind

* Agrape analogy

 DOE: Planning the methods of how to grow grapes

Hypothetlc‘r An of o
condition effects on torpedo hit probablllty agalnst an adversary
submarine

Response: Did the torpedo hit or miss#ge target boat

.

A T—
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Design of experiment for torpedo hit probabilities

Factors: Conditions under which an experiment is conducted
* May be continuous or categorical

Navy is interested in how the following factors effect the chance of
hitting the target B s
* Location of the target submarine
~ (deep/shallow)
* Target submarine evasion maneuvers —

~ (evasive manegver/no«eva’s’l\//eﬁnaneuver)
* Targetsubmarine speed
~ (ranges from min. speed to max. speed)

IDA



Design of experiment for torpedo hit probabilities

Parameters: The unknown but true effects of the factors on the response

« We will denote the 4 parameters in our submarine example by B, 1, B, and 3

* B corfefépﬁbﬁa;‘
» (deep, evasive, minimum speed
B corresponds to a change in hlt probability for a shallow target

boat
B, corresponds to a change in- h1t~prob\5|hty for a tw

not employing evasive maneuver

._B—corfresponds to a change in hit probablllty as the target-boat
speed increases

IDA
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Logistic regression model is used in data analysis for both designs

Test » Operational Data
Planning Test Event Analysis

* Logistic regression:

Common model used for evaluating binary responses
Special case of generalized linear models

Logistic Regression

S — Sooooo0o00 o0 o]

0]
. © - Individual observation (notional hit
3 ° result)
o
T 3 ~~ Estimated Hit Probability

(o]
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g — oo O 00000 oC OO

Fast Slow
Boat Speed

Acronym: DOE — Design of Experiment
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Logistic design anticipates binary data in data analysis, whereas the normal design

does not

T~

Test

Planning

I

Normal design (current)

Operational
Test Event

O~
Data
Analysis

Logistic design (new)

Acronym: DOE — Design of Experiment

Anticipates normal data in
data analysis

Optimizes precision of
parameter estimates using
normal theory

Collects binary response in
operational test event
Uses logistic regression in
data analysis

* Anticipates binary data in data
analysis

* Optimizes precision of
parameter estimates using
logistic theory

» Collects binary response in
operational test event

« Uses logistic regression in
data analysis




Optimizing the precision of the parameter estimates

Both designs seek to maximize precision of parameter estimates according to their respective

theories

* Recall g, and B, are fixed, unknown values that quantify the hit probability

- p, relates to baseline hit probability
B, relates to the change in hit probability for the location (shallow/deep) of target boat

Notional: Plausible range of hit probs. against a shallow target

Plausible values for parameters

b1

Nonoptimal (large)
area of plausible [
values for \

parameters \

Optimal (small) area—
of plausible values
for parameters

N Bo
1
Bo

*This type of optimization is called D-optimal.

0

Nonoptimal prob. range

Optimal prob. range



Finding the optimal logistic design

Application
generates
optimal logistic
designs

Number of Categorical Factors (2-way)

0 a 5
m . T T T I T T T I T T T |
0 1 2 3 4 5
Number of Continuous Factors
0 n 5
H . T T T | T T T I T T T I T T T |
0 1 2 3 4 5
Number of Support Points
1 55
F. ; T I T I T | LI | I T | T T I LI} I T T |
1 7 13 19 25 31 kT 43 49 35

Anticipated Parameter (enter comma
seperated)

-0.5,1.61,1.1,0.205

Randomization Index

0 1
WIIIII|II|II|II|II|II|II|

0 0.1 02 03 04 05 06 07 0& 089 1

Number of simulations

2500

Calculate! Tune (only if num. Categorical Factors > 0}
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Finding the optimal logistic design

Number of Categorical Factors (2-way)

* Select the S mr e
number of

categorical and

continuous

factors 1 )

Anticipated Parameter (enter comma
seperated)

-0.5,1.61,1.1,0.205
Randomization Index

0 1
W. IIII|II|II|II|II|II|II|

0 o1 02 03 04 05 06 07 08 089 1

Number of simulations

2500

Calculate! Tune (only if num. Categorical Factors > 0)!
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Finding the optimal logistic design

* Support points are
the unique factor
configurations

* Anticipated
Parameters: What
one expects to be
the truth

— Empirical Issue

Number of Categorical Factors (2-way)
0 2] 5
m . T T T | T T T | T T T I

0 1 2 3 4 5

Number of Continuous Factors

nticipated Parameter (enter comma
seperated)

-0.5,1.61,1.1,0.205

Randomization Index
0 1
W T I T I [ | | T | T I T | T I T I

0 01 02 03 04 05 08 07 08 08 1

Number of simulations

2500

Calculate! Tune (only if num. Categorical Factors > 0)!
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Finding the optimal logistic design

Output of the app desues
[1,] © 1 -©.99998 ©.16417

[2,] @ @ ©.59999 0.16580

[3,] 1 © -9.99997 ©.16115

[4,] 1 1 -0.59881 0.94400

[5,] @1 1.00000 0.16228

———’____,,,———””——’———”” [6,] 10 ©.99983 0.13540
Design [7,]1 @ @ -1.00000 ©.16720

Optimality criterion

For support point 1
Maximum std var is
e 1 -1

For support point 2

v

Optimality check

Maximum std var is
o1l

For support point 3
Maximum std var is
16 -1

For support point 4
Maximum std var is
11 -1

For support point 5
Maximum std var is
211

For support point &
Maximum std var is
181

For support point 7
Maximum std var is
2 e -1

&l

3

4.

4.

3

4.

3

816498

.9993086

811516

824509

.98413

825801

.962165

—— [1] "Information Matrix Determinant:

at

at

at

at

at

at

at

7.9647143135643e-a5"
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The optimal logistic design for submarine example

Optimal Logistic Design

deep noevasion minimum 16.42% x3 X5
deep evasion maximum 16.58% X3 x5
shallow evasion minimum 16.12% x3 x5
shallow noevasion minimum 4.40% x1 x1
deep noevasion maximum 16.23% X3 X5
shallow evasion maximum 13.54% X2 x4
deep evasion minimum 16.72% X3 x5
- The design is optimal*  °7 location e
| 4 T~
M'T|°\ | o
ﬁ ° | /
| | |
SpeedJ |‘I .“
| | ""
| |
Mi“-—ﬂo o —?J\ |

*D-optimal

IDA |



Results and Next Steps
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Theoretical Results favor Logistic Design

» Theoretical results show the logistic design is preferable (it was optimal whereas the normal
design was not)
— 1.06x efficiency
» Logistic design generally requires fewer support points than the normal design

Logistic Design Normal Design

Shallow

e .
f Location Location Shallow

IDA |



Logistic Desigh underperforms in power analysis

* Power: The probability of detection for * Until further work is done,
at least one factor™ recommendation is to use the

* Logistic design underperforms normal normal design

design in power analysis

Power Curves

Power

— Logistic Design
—— Normal Design
I I I I

50 100 150 200

0.0

Sample Size

* Model utility test hypothesis with likelihood ratio staustic
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Primary Findings and Next Steps

Primary Findings
* Designs we currently construct (under normal theory) outperform™ the investigated designs (using
logistic theory)

* Theoretical results favor new approach when we have a binary response
— This suggests there may be more work to be done

* The design generating tool will be made available to IDA staff
Next Steps
* Consider a new optimality criterion

e Consider more non-normal responses
— Failure/Reliability data
— Count data

IDA |
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e Lamarr Colvin
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e Test Science
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Why might theoretical results not match with practical

e Although the logistic design is D-optimal and the normal is not, the normal design approaches its
theoretical covariance matrix much faster than the logistic design

* We optimize on the theoretical covariance matrix but we might want to consider a different

optimization criterion
— Integrated Mean Square Error (IMSE)

Frobenius Dist. from Covariance

3.0
|

— Logistic Design
—— Normal Design

Distance
1.5 20 25
|

1.0

I I I I
50 100 150 200

Sample Size

Frobenius Distances
from asymptotic
covariance matrix
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Categorical and Continuous

« 1 categorical (0,1) and 2 continuous (-1,1)
» Logistic design is 1.48x more efficient

— Only has 6 support points
« Catches normal design sooner

Power Curves

e |
[= 0]
e
(e
& © |
=
[e]
o <
o
(o
g
— Logistic Design
o | —— Normal Design
o
[ | | |
50 100 150 200
Sample Size
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Ideas

* Gamma response with IMSE optimality
— Some bias reduction fitting technique (maybe Firth 1993)

* How to take into account the non-asymptotics?

e Literature space does not use practical power studies — only theoretical optimality criteria to determine
performance of design.

* |sthe BR method effectively reducing bias?

 Theoretical Covariance matrix better approximates the covariance between parameters for logistic
design. Does this translate in power curves for more than main effect models, i.e. interactions?

IDA
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How Power Analysis was conducted

 Power analysis is conducted via Monte Carlo simulation using the anticipated
parameters

* Null Hypothesis: All non-intercept parameters are zero
— Alternative Hypothesis: At least one non-intercept parameter is nonzero

e Test Statistic is Likelihood Ratio (R package Imtest)

 Parameter estimation is done using the firth correction
— R package mbest to modify the glm object

e Additionally, Wald and Likelihood Ratios were assessed with ANOVA type Ill and
produced similar results

IDA | =
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